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Abstract. We show that a positive proportion of cubic fields are not monogenic, despite
having no local obstruction to being monogenic. Our proof involves the comparison of
2-descent and 3-descent in a certain family of Mordell curves Ek : y

2 = x3 + k. As a by-
product of our methods, we show that, for every r ≥ 0, a positive proportion of curves Ek

have Tate–Shafarevich group with 3-rank at least r.

1. Introduction

One of the most common errors made in a first course in algebraic number theory is
the assumption that every number field K is monogenic, i.e., that the ring of integers OK
of K is of the form Z[α] for some α ∈ K. While this assertion is true for quadratic fields,
it is expected to be false for 100% of number fields of any given degree d ≥ 3, although this
expectation has not been proven for any d.

It is easy to construct number fields that fail to be monogenic for local reasons. The
first example of such a non-monogenic number field was given by Dedekind, who showed
that the field Q[x]/(x3 − x2 − 2x − 8), in which 2 splits completely, is not monogenic [12].
His result is a special case of the assertion that: if 2 splits completely in a number field K
of degree d ≥ 3, then K cannot be monogenic. Indeed, if OK ∼= Z[x]/(f(x)) for a monic
integral polynomial f(x) of degree d ≥ 3, then 2 factors in OK as f(x) factors (mod 2); but
f cannot split completely (mod 2), as there are only two monic linear polynomials (mod 2).

However, it has not previously been known even that a positive proportion of number
fields of degree d ≥ 3, that have no local obstruction to being monogenic, are not monogenic.
The purpose of this paper is to prove this result in the case d = 3, i.e., for cubic fields.

Theorem 1. When isomorphism classes of cubic fields are ordered by absolute discriminant,
a positive proportion are not monogenic and yet have no local obstruction to being monogenic.

In other words, we prove that a positive proportion of cubic fields, up to isomorphism, are
non-monogenic for truly global reasons. In fact we produce such positive proportions of
cubic fields having both possible real signatures.

It is interesting to note that the condition of having no local obstruction to being mono-
genic is stronger than the condition of being locally monogenic!

Definition 2. A number field K is locally monogenic at p if OK ⊗ Zp is generated by one
element as a Zp-algebra; it is called locally monogenic if it is locally monogenic at all p.

However, it is possible for a number field to have a local obstruction to being monogenic
even if it is locally monogenic! The obstruction comes from the index form fK : OK/Z →
∧dOK given by α 7→ 1 ∧ α ∧ α2 ∧ · · · ∧ αd−1. A choice of Z-basis for OK induces an
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isomorphism ∧dOK ' Z, and, via this isomorphism, fK may be viewed as a homogeneous
form of degree

(
d
2

)
in d − 1 variables. Then the number field K is monogenic if and only if

fK represents ±1 over Z. In terms of fK , the number field K is locally monogenic at p if and
only if fK represents a unit over Zp, but this does not imply that fK represents ±1 over Zp.

Definition 3. We say that K has no local obstruction to being monogenic if fK represents 1
over Zp for all primes p or represents −1 over Zp for all primes p.

See §2.3 for an example of a number field that is locally monogenic but nevertheless has a
local obstruction to being monogenic. Note that the index form of a number field K 6= Q
always represents +1 and −1 over R, so we need not consider obstructions over R.

We now specialize to the case of cubic fieldsK, so that fK is then an integral binary cubic
form. The following theorem gives the proportion of cubic fields that are locally monogenic,
as well as the proportion of those that have no local obstruction to being monogenic.

Theorem 4. When isomorphism classes of either totally real or complex cubic fields are
ordered by absolute discriminant:

(a) the proportion of these cubic fields that are locally monogenic is 19/21 ≈ 90.48%;
(b) the proportion of these cubic fields that have no local obstruction to being monogenic is

19

21
· 316

351
· 965

1026
·

∏
p≡1 (mod 6)

p 6=7

(
1− 2

3(p2 + p+ 1)

)
≈ 75.99%.

Theorem 1 thus shows, for the first time, that a positive proportion of the set of cubic fields
in Theorem 4(a) and indeed in Theorem 4(b) are not monogenic. The analogous result for
cubic orders was proved by Akhtari and the second author [2], but these orders were not
maximal due to the methods employed there involving the study of Thue equations.

While previous work on the monogenicity of general number rings and fields has fo-
cused on solving integral Thue equations and index form equations through techniques of
Diophantine approximation (cf. [1, 2, 4, 5, 15, 16, 17, 18, 19, 22, 25]), our method instead
involves a careful study of rational points on related genus one curves. Namely, we study
the index forms fK by comparing 2-descent and 3-descent in the family of Mordell curves
Ek : y2 = x3 + k, as k ranges over certain sets of integers defined by congruence conditions,
as studied in [3] and [7], respectively. As a by-product, we prove the following theorem.

Theorem 5. When GL2(Z)-classes of integral binary cubic forms f(x, y) are ordered by
absolute discriminant, a positive proportion of the genus one curves z3 = f(x, y) over Q fail
the Hasse principle.

The same statement remains true even if one restricts just to index forms fK(x, y) of
cubic fields K: when isomorphism classes of cubic fields K are ordered by absolute discrimi-
nant, a positive proportion of the corresponding genus one curves CK : z3 = fK(x, y) over Q
fail the Hasse principle.

Our proof of Theorem 5 also implies the following statement regarding the Tate–Shafarevich
groups X(Ek) of the elliptic curves Ek:

2



Theorem 6. Fix r ≥ 0. For a positive proportion of k, we have dimF3 X(Ek)[3] ≥ r.

In fact, our proof implies that the same statement remains true if one ranges over just the
integers k satisfying any finite set of congruences, or even if one ranges over those integers k
that are cubefree and satisfy any further finite set of congruence conditions.

Methods. To prove Theorem 1, we must bound how often the Thue equation fK(x, y) = 1
has integer solutions as K ranges over (isomorphism classes of) cubic fields ordered by
absolute discriminant. This equation defines a genus one curve CK : z3 = fK(x, y) in P2,
and an integer solution gives rise to a rational point PK on the Jacobian of CK , namely the
elliptic curve ED : y2 = 4x3 + D where D = Disc(K). The class of PK in ED(Q)/3ED(Q)
depends only on K, and different cubic fields give rise to different classes. More generally, if
K has no local obstruction to being monogenic, then CK determines a class in the 3-Selmer
group Sel3(ED), and different cubic fields yield distinct Selmer classes [27, §1].

The motivation and starting point for our proof is recent work of the second and third
author and Elkies [7], where it was shown that there is a partition

⋃
m∈Z Tm of Z, with each

Tm defined by congruence conditions, such that if S is any “large” subset of Tm, then the
average size of Sel3(ED), as D varies over S, is at least 1 + 3m. Hence if S ⊂ Tm is a set of
cubic field discriminants with m large, then as D ranges over S, Sel3(ED) is very large on
average.

This suggests that we may prove Theorem 1 by showing that:
(a) there are many cubic fields of discriminant D, for many discriminants D ∈ S, that

have no local obstruction to being monogenic; and
(b) the ranks of many of the curves ED for D ∈ S are small.

Suitably strong and coordinated versions of (a) and (b) would imply Theorem 1: indeed, (a)
would supply a large number of cubic fields across discriminants that have no local obstruc-
tion to being monogenic; on the other hand, these cubic fields could not all be monogenic—
and thereby yield rational points on elliptic curves ED—due to the ranks of many of these
ED being too small by (b).

Towards (b), we apply a recent result of the first author [3, Thm. 3.1.1]—extending a
result of Ruth [26] and using a refinement of the circle method due to Heath-Brown [23]—
which states that the average size of the 2-Selmer groups Sel2(ED), over any large set S of D
defined by congruence conditions, is 3, irrespective of the congruence conditions. This gives
an upper bound on the average size of 2rkED for D in any large set S defined by congruence
conditions. This yields quite a strong version of (b).

Regarding (a), a first natural approach is to try and apply the asymptotic count of cubic
fields due to Davenport–Heilbronn [11]. However, this does not yield a strong enough version
of (a) to show, in conjunction with our version of (b), that many cubic fields (with no local
obstruction to being monogenic) are not monogenic. Indeed, to obtain an upper bound on
the globally soluble part of Sel3(ED), we would need an upper bound on the average size
of 3rkED . But 3 > 2, so our upper bound on the average size of 2rkED does not suffice.

To remedy this, we construct explicit large subsets S ⊂ Tm, defined by congruence
conditions, with the following two properties. First, each cubic field of discriminant D ∈ S
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has no local obstruction to being monogenic. Second, there is a subset S ′ ⊂ S of relative
density µ ≥ 1/2 such that there are at least 2m−1 cubic fields of each discriminant D ∈ S ′.

The construction of S involves two steps. First, we use a theorem of the second author
and Varma [9] guaranteeing vanishing of the 3-parts of class groups of the fields Q(

√
−3D)

(when D > 0) or Q(
√
D) (when D < 0) whenever D ∈ S ′ ⊂ S, where S ′ has relative density

at least 1/2 in S. We then use a higher composition law (when D > 0) and class field
theory (when D < 0) to prove that there are exactly 2m−1 (resp. 3 · 2m−1) cubic fields of
discriminant D when D ∈ S ′ and D > 0 (resp. D < 0). This yields our desired version
of (a).

Now, were 100% of cubic fields of discriminant D ∈ Tm monogenic, one would find that
the ranks of ED(Q) for D ∈ S ′ would all be at leastm log3 2, since we produce at least 2·2m−1

distinct elements ±PK ∈ ED(Q)/3ED(Q) for each such D. This would force the average
of #Sel2(ED), for D ∈ S, to be at least µ · 2m log3 2 ≥ 2m log3 2−1, which for m sufficiently
large is strictly larger than 3, contradicting the aforementioned [3, Thm. 3.1.1]. This proves
Theorem 1.

In particular, the Hasse principle thus fails for many genus one curves of the form
z3 = fK(x, y) with Disc(K) ∈ S, thereby proving Theorem 5. These curves represent
elements of the Tate–Shafarevich group of EDisc(K), so that once m is sufficiently large we
also deduce Theorem 6.

This paper is organized as follows. In §2, we prove Theorem 4 by suitably applying the
results of Davenport–Heilbronn [11] and their refinements in [8]. In §3.1 and §3.2, we recall
from [3] and [7] the relevant definitions and results regarding 2- and 3-Selmer groups of the
curves Ek : y2 = x3 + k, as k varies over suitable congruence families, and we describe their
connections to monogenicity. In §3.3, we prove our formulas for the number of cubic fields
of given discriminant in S ′, which we then use in §3.4 and §3.5 to compare 2- and 3-descent
on Ek, thus deducing Theorems 1, 5, and 6.
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supported by a Simons Investigator Grant and NSF grant DMS-1001828. The third author
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2. The proportion of cubic fields that are locally monogenic, and the
proportion that have no local obstruction to being monogenic

Let V (Z) = Sym3 Z2 be the space of binary cubic forms over Z. Recall that there is a
discriminant-preserving bijection between GL2(Z)-orbits on V (Z) and isomorphism classes
of cubic rings over Z, i.e., rings that are free of rank 3 as Z-modules, due to Levi [24],
Delone–Faddeev [13], and Gan–Gross–Savin [20, §4]. Namely, a cubic ring R corresponds to
the GL2(Z)-orbit of its index form fR : R/Z→ ∧3R.
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The number of GL2(Z)-classes of irreducible binary cubic forms having bounded absolute
discriminant satisfying certain allowable sets of congruences was determined by Davenport
and Heilbronn [11]:

Theorem 7 (Davenport–Heilbronn [11]). Let S be a GL2(Z)-invariant set of integral binary
cubic forms f defined by congruence conditions modulo bounded powers of primes p where,
for sufficiently large p, the defining congruence conditions at p exclude only a set of forms f
satisfying p2 | Disc(f). Let h(S;D) denote the number of classes of irreducible binary cubic
forms that are contained in S and have discriminant D. Then:

(a)
∑

−X<D<0

h(S;D) ∼ π2

24
·X ·

∏
p

µp(S);

(b)
∑

0<D<X

h(S;D) ∼ π2

72
·X ·

∏
p

µp(S),

where µp(S) denotes the p-adic density of S in the space of integral binary cubic forms.

To prove Theorem 4(a) (resp. Theorem 4(b)), we shall apply Theorem 7 with S the
set of integral binary cubic forms that are index forms of a cubic field and, furthermore,
represent a unit over Zp for all p (resp. represent 1 over Zp for all p). Note that a binary
cubic form over a ring R represents 1 over R if and only if it represents −1.

2.1. The density of index forms of cubic fields that locally represent a unit. We
follow the arguments of [8, §4], keeping track of those integral binary cubic forms that
represent a unit. We use the following elementary lemma whose proof is immediate:

Lemma 8. A binary cubic form f over Zp represents a unit in Zp if and only if f is primitive
and furthermore, if p = 2, then f(x, y) 6≡ xy(x+ y) (mod 2).

The condition of primitivity is automatically satisfied for index forms of cubic fields.
Thus the only modification to the computations of [8, §4] that must be made to determine
the density of index forms of cubic fields that locally represent a unit is the elimination of
the splitting type (111) at the prime p = 2. By [8, Lem. 19], the total local p-adic density
µp(U) of the set of index forms is (p2 − 1)(p3 − 1)/p5 (which is 21/32 for p = 2), while by
the first line of [8, Lem. 18], the portion of this density corresponding to the splitting type
(111) is 1

6
(p − 1)2(p + 1)/p3 (which is 2/32 for p = 2). Thus the Euler factor for p = 2 in

Theorem 7 changes from 21/32 to 19/32. We conclude that the proportion of index forms
of cubic fields that locally represent a unit is 19/21. We have proven Theorem 4(a).

2.2. The density of index forms of cubic fields that locally represent 1. We use the
following lemma, which is a slight correction of [2, Lem. 4.1] at the prime p = 7:

Lemma 9. A primitive binary cubic form f over Z2 represents 1 if and only if f(x, y) 6≡
xy(x + y) (mod 2). If p ≡ 1 (mod 6), then a primitive binary cubic form f over Zp rep-
resents 1 if and only if f(x, y) 6≡ cL(x, y)3 (mod p), where L is a linear form and c is a
non-cube modulo p, and furthermore, if p = 7, then f(x, y) is not equivalent to 2xy(x + y)
(mod 7) under a linear change of variable. Finally, if p ≡ 5 (mod 6), then every primitive
binary cubic form f over Zp represents 1.
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Proof. The proof of [2, Lem. 4.1] is correct except for a small oversight in the case p ≡ 1
(mod 6) when p = 7. In that case, the Hasse-Weil bound shows that a smooth genus one
curve z3 = f(x, y) has at least 3 points over F7, but these three points might all satisfy z = 0,
so that f(x, y) might not represent a unit cube, and therefore 1, over F7. Such a scenario can
occur only if f(x, y) splits completely over F7. All such forms over F7 are GL2(F7)-equivalent
to cxy(x + y), for some c ∈ F×7 . Since c can be scaled by any unit cube by scaling x and
y by a unit, we may assume that c = 1, 2, or 3, as ±1 are the only cubes in F×7 . Of these
three possibilities, only c = 2 yields a binary cubic form over F7 that does not represent a
unit cube. �

We also have the following analogue of Lemma 9 for index forms over Z3:

Lemma 10. The index form f of a maximal cubic ring over Z3 represents 1 over Z3 if and
only if f is not equivalent over Z/9Z to cxy(x+ y), 2cx3− 3xy2 + 3y3, or 2cx3− 3x2y+ 3y3

for c = 1 or 2.

Proof. The cubes in Z×3 are ±1 + 9Z3, so it suffices to consider the index forms mod-
ulo 9. Forms of type (111) are equivalent to cxy(x + y), which represents 1 only when
c ≡ ±4 (mod 9). Meanwhile, index forms of type (12), (3), and (121) are equivalent to
x(x2 + y2), x3 − xy2 + y3, and x2y, respectively, and these all represent 1 (mod 9).

Index forms of type (13) can naturally be subdivided into 3 subtypes based on the 3-adic
valuations of their discriminants. Those with valuation 3 are equivalent to c(x3 +3xy2 +3y3)
or c(x3−3xy2 +3y3), and these forms represent 1 unless c is ±2 or ±4 (mod 9), respectively.
Index forms f of valuation 4 come in two types. If Gal(f) ' S3, then, up to equivalence,
f(x, y) ≡ c(x3 + 3x2y + 3y3) (mod 9), which represents 1 (mod 9). If Gal(f) ' C3, then up
to equivalence f ≡ c(x3 − 3x2y + 3y3) (mod 9), which represents 1 if and only if c ≡ ±1
(mod 9). Finally, those with valuation 35 are equivalent to ax3 + 3dy3, with a and d units,
which all represent 1 (mod 9). �

To obtain the relative density at p of index forms that locally represent 1, we use
Lemmas 9 and 10. At p = 2, we have already seen that the relative density is 19/21.

For primes p ≡ 1 (mod 6) but p 6= 7, we use the fact that a relative density of 2/3
of index forms that have splitting type (13) (mod p) do not represent 1 over Zp. By [8,
Lem. 18], a density of (p − 1)2(p + 1)/p5 of binary cubic forms are index forms locally and
have splitting type (13). Thus the desired relative density of index forms that represent 1
over Zp, for primes p (mod 6) and p 6= 7, is

1− 2

3
· (p− 1)2(p+ 1)/p5

(p2 − 1)(p3 − 1)/p5
= 1− 2

3(p2 + p+ 1)
.

If p = 7, we must further subtract the relative density of index forms that split com-
pletely over F7 and do not represent 1 over Z7, which as we have seen is 1/3 of all forms that
split completely over F7. The desired relative density of index forms that represent 1 over
Z7 is thus

1− 2

3(p2 + p+ 1)
− 1

3
· (1/6)(p− 1)2(p+ 1)/p3

(p2 − 1)(p3 − 1)/p5
= 1− p2 + 12

18(p2 + p+ 1)
=

965

1026
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when p = 7.
If p ≡ 5 (mod 6), then every index form represents 1 over Zp.
Finally, if p = 3, then 1/3 of forms of type (111) represent 1 over Z3 by Lemma 10.

Among index forms of type (13), those with discriminant of valuation 5 have density 1/9
since they have a triple root modulo 9, not just modulo 3, and these all represent 1 over Z3.
Among the remaining 8/9 of forms of type (13), we claim that a proportion of 2/3 represent 1
over Z3. This is true for those with discriminant of valuation 3 by Lemma 10. There are
three cubic extensions of Q3 with discriminant of valuation 4 with Galois group C3 and one
with Galois group S3. Thus, when weighted appropriately, there is the same proportion of
each type. By the proof of Lemma 10, the proportion of these forms that represent 1 over
Z3 is 1

2

(
1
3

+ 1
)

= 2
3
, as claimed. Thus the desired relative density of index forms fK that

represent 1 over Z3 is

1− 2

3
· (1/6)(p− 1)2(p+ 1)p2

(p2 − 1)(p3 − 1)
− 1

3
· 8

9
· (p− 1)2(p+ 1)

(p2 − 1)(p3 − 1)
=

316

351

when p = 3. We have proven Theorem 4(b).

2.3. A cubic field that is locally monogenic but has a local obstruction to being
monogenic. The cubic field K = Q[X]/(X3 − 7/5) has ring of integers OK = Z + Z ·
5θ + Z · 5θ2, where θ is the image of X. The index fK(x, y) of x · 5θ + y · 5θ2 is given by
fK(x, y) = 5x3− 7y3, which does not represent ±1 over F7, let alone over Z7 or Z. However,
K is locally monogenic; for example, OK ⊗ Z7 = Z7[θ]. Thus K has a local obstruction to
being monogenic, despite being locally monogenic.

On the other hand, consider K ′ = Q[X]/(X3 − 21), which has a monogenic ring of
integers OK′ = Z[ 3

√
21]. Then fK′(x, y) = x3 − 21y3, which represents 1 over Z7 and indeed

over Z. Note that OK ⊗ Z7 ' OK′ ⊗ Z7, but K has a local obstruction to being mono-
genic over Z7 while K ′ does not. Thus the property of having a local obstruction to being
monogenic is not solely a property of the localization K ⊗Qp, but is also a property of the
localization of the global index form.

Remark 11. Isomorphism classes of cubic rings over a principal ideal domain R (i.e., R-
algebras that are free of rank 3 as modules over R) are parametrized by orbits of binary cubic
forms over R under the “twisted” action of GL2(R) rather than the “standard” action; see [21,
Prop. 2.1]. The standard action of γ ∈ GL2(R) on a binary cubic form f with coefficients in
R (which we use in this paper throughout) is given by

γ · f(x, y) := f((x, y)γ), (2.1)

while the twisted action is given by

γ ? f(x, y) := det(γ)−1f((x, y)γ), (2.2)

where we view (x, y) as a row vector.
For binary cubic forms overR = Z, the standard and twisted GL2(R)-orbits are identical,

but for R = Zp they may not be. The property of whether or not a binary cubic form f
represents 1 over Zp is preserved under standard GL2(Zp)-equivalence but not necessarily
under twisted GL2(Zp)-equivalence. This explains, in terms of binary cubic forms, why
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two cubic fields may have isomorphic completions at a prime p, and both may be locally
monogenic at p, but only one may have a local obstruction to being monogenic at p.

The cubic fields K and K ′ above have this property; the corresponding binary cubic
forms 5x3−7y3 and x3−21y3, when viewed in Z7[x, y], are not standard GL2(Z7)-equivalent,
and indeed represent different cube classes in Z7, but they are twisted GL2(Z7)-equivalent,
and thus correspond to the same cubic ring over Z7.

3. A positive proportion of cubic fields have no local obstruction to
being monogenic but are not monogenic

3.1. 2-Selmer groups of the elliptic curves ED. Recall that the 2-Selmer group of an
elliptic curve E over Q is defined by

Sel2(E) := ker
(
H1(Q, E[2])→

∏
p≤∞

H1(Qp, E)
)

and sits in an exact sequence

0→ E(Q)/2E(Q)→ Sel2(E)→X(E)[2]→ 0.

In particular, we have #Sel2(E) ≥ 2rkE · #E(Q)[2], where rkE is the rank of the finitely-
generated abelian group E(Q).

Recall the elliptic curve ED : y2 = 4x3 + D. We require a bound on the average size
of Sel2(ED) as D varies through certain sets Σ ⊂ Z defined by congruence conditions. We
define the average avgΣ(f) of a function f on Σ with respect to the natural density, i.e.,

avgΣ(f) = lim
X→∞

1

#Σ(X)

∑
D∈Σ(X)

f(D),

where Σ(X) := Σ ∩ [−X,X] \ {0}.

Definition 12. A set Σ ⊂ Z is defined by congruence conditions if there is a set Σ∞ ∈
{R>0,R<0,R×} and for each prime p there is an open and closed subset Σp ⊂ Zp such that
Σ = ∩p(Z ∩ Σp) ∩ Σ∞. If, moreover, Σ 6= ∅ and

Σp ⊃ {D : vp(D) ≤ 1}

for all sufficiently large p, then Σ is called large.

The following is a special case of a theorem of the first author [3, Thm. 3.1.1], which in
turn is an extension of Ruth’s Ph.D. thesis [26] who proved that avgZ #Sel2(ED) ≤ 3.

Theorem 13. Let Σ ⊂ Z be a large set defined by congruence conditions. Then

avgΣ #Sel2(ED) = 3.

Corollary 14. The average rank of ED, as D ranges over any large set Σ, is at most 3/2.

Proof. We have avgΣ(2 rkED) ≤ avgΣ(2rkED
) ≤ avgΣ#Sel2(ED) = 3. �
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3.2. 3-isogeny Selmer groups of the elliptic curves ED. Let F be a field of charac-
teristic not 2 or 3. For any nonzero D ∈ F , there is a degree-3 isogeny φD : ED → E−27D

whose kernel is generated by (0,±
√
D). More generally, if f ∈ V (F ) is a binary cubic form

of discriminant D, then the plane cubic curve Cf : z3 = f(x, y) admits the degree 3 map
φf : Cf → E−27D given by

[x : y : z] 7→
(
−h(x, y)

z2
,
g(x, y)

z3

)
,

where h(x, y) = 1
4

(
fxxfyy − f 2

xy

)
is the Hessian of f and g(x, y) = fxhy−fyhx is the Jacobian

derivative of f and h (see [7, Rem. 31]). When f(x, y) = x2y − (D/4)y3, or more generally
when f is in the unique SL2(F )-orbit of reducible forms of discriminant D, we have Cf ' ED

and we define φD = φf . Since any f is reducible over the separable closure F̄ , we see that
ED is the Jacobian of Cf , and φf is a twist of φD. If K/F is a cubic extension and f = fK
is the corresponding index form, we write φK = φf and CK = Cf .

Since Aut(φD) = ED[φD], the twists of φD are parametrized by the F3-vector space
H1(F,ED[φD]). Thus, each cubic extension K/F with discriminant (in the square class of)
D gives rise to a pair of nonzero classes ±αK ∈ H1(F,ED[φD]) corresponding to the class
of φK . There are two classes because there are two SL2(F )-orbits of discriminant D in the
GL2(F )-orbit of f . The genus one curves corresponding to αK and −αK are isomorphic, so
we can unambiguously write CK .

Lemma 15. If K and K ′ are non-isomorphic cubic extensions of F of the same discrimi-
nant D, then αK and αK′ are linearly independent in H1(F,ED[φD]).

Proof. Recall that K ' F [x]/(fK(x, 1)). Thus fK is reducible over K, while fK′ stays
irreducible over K. Since the reducible orbit corresponds to the trivial class, this means αK
is in the kernel of H1(F,ED[φD])→ H1(K,ED[φD]), while αK′ is not. �

Finally, we remark that the natural map H1(F,ED[φD])→ H1(F,ED) sends the class of φf
to the class of the twist Cf of ED.

Now take F = Q. The φD-Selmer group is defined by

SelφD(ED) := ker
(
H1(Q, ED[φD])→

∏
p

H1(Qp, E
D)
)
.

The classes ±αK lie in SelφD(ED) if and only if CK(Qp) 6= ∅ for all primes p.
The inclusion ED[φD] ⊂ ED[3] induces a map SelφD(ED)→ Sel3(ED), which is injective

if ker(φ̂D)(Q) = 0, i.e., if −27D is not a perfect square [7, Eq. (22)]. From the exact sequence

0→ ED(Q)/3ED(Q)→ Sel3(ED)→X(ED)[3]→ 0,

we see that any class in SelφD(ED) such that Cf (Q) 6= ∅ lies in the subgroup ED(Q)/3ED(Q).
In particular, if −27D is not a perfect square and K is a monogenic cubic field of discrimi-
nant D, then ED has rank at least 1.

Remark 16. If D = −27n2, then the kernel of SelφD(ED)→ Sel3(ED) has size 3, generated
by the class of φf with f(x, y) = x3 +ny3. Its Hessian h is 9nxy, and hence φf (1 : 0 : 1) is the

9



rational 3-torsion point (0, 27n) on E−27D = E36n2 . In this special case, ED can have rank 0
despite there being a monogenic cubic field of discriminant D; this occurs, for example, when
n = 5.

For any large subset Σ ⊂ Z, the second and third authors and Elkies computed the
average size of SelφD(ED) for D ∈ Σ in [7]. Unlike Theorem 13 for the 2-Selmer group, this
average size is sensitive to the congruence conditions defining Σ. However, one can partition
Z into sets Tm (m ∈ Z) such that each Tm has positive density and, for any large subset
Σ ⊂ Tm, the average size avgΣ#SelφD(ED) is independent of Σ.

Theorem 17 ([7]). Fix m ∈ Z and let Σ ⊂ Z be a large set contained in Tm. Then

avgΣ#SelφD(ED) = 1 + 3m.

The sets Tm are defined by infinitely many congruence conditions; we refer to [7] for the
exact definition. The key point is that in order for D to lie in Tm, it must be divisible by n2

for some n divisible by at least |m| − 1 primes p ≡ 2 (mod 3).
This suggests that, to prove the existence of many non-monogenic cubic fields, one might

focus on cubic fields of discriminantD = dn2, with n divisible by many primes p ≡ 2 (mod 3).

3.3. Construction of cubic fields ramified at a fixed set of primes with no local
obstruction to being monogenic. To prove Theorem 1, we construct a subset Σ ⊂ Z for
which we can guarantee the following:

(i) a cubic field K with Disc(K) ∈ Σ has no local obstruction to being monogenic; and
(ii) for a positive proportion of D ∈ Σ, there are “many” cubic fields of discriminant D.

To construct such Σ, we choose t distinct primes p1, . . . , pt each congruent to 2 (mod 3), and
set n = 3 ·

∏t
i=1 pi. It will be convenient to assume p1 = 2, and we do so. For Theorem 1

we will simply take t = 2 and n = 2 · 3 · 5 = 30, but for Theorem 6 we will take t to be
arbitrarily large.

Define the set of integers

Σn =

{
−27dn2 ∈ Z : d fundamental,

(
d

7

)
6= 1, and

(
d

p

)
= 1 for all p | n

}
,

where
(
d
p

)
denotes the Kronecker symbol. Note that Σn has positive natural density.

Lemma 18. If K is a cubic field and Disc(K) ∈ Σn, then fK represents 1 over Zp for all p,
i.e., K has no local obstruction to being monogenic.

Proof. This follows from Lemmas 9 and 10. For p ≡ 5 (mod 6) there is nothing to check. If
p ≡ 1 (mod 3) then p2 - Disc(fK), and so fK represents 1 over Zp for all such p > 7. The
3-adic and 7-adic conditions imposed on d guarantee that f represents 1 over Z3 and Z7.
Finally, fK represents 1 over Z2 since it is primitive and 2 | Disc(fK). �

Let Σ±n be the subset of D ∈ Σn such that ±D > 0. The next proposition shows that
there are many cubic fields per discriminant in Σ±n , on average.
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Proposition 19. Let Σ±n (X) = Σ±n ∩ [−X,X], and let N(Σ±n , X) be the number of cubic
fields with discriminant in Σ±n (X). Then

lim
X→∞

N(Σ±n , X)

#Σ±n (X)
= (2∓ 1)2t,

Proposition 19 may be deduced from [8, Thm. 8]; we omit the details, as it is only suggestive
of how to proceed but will not be used directly in what follows.

As explained in the introduction, average results such as Proposition 19 are not strong
enough for our purposes. In the next two propositions, we provide exact formulas for the
number of cubic fields of discriminant D ∈ Σn for specific values of D, namely those D for
which the 3-torsion in the class group of Q(

√
D∗) is trivial, where D∗ = D or −3D depending

on whether D < 0 or D > 0. Moreover, we prove that the average values in Proposition 19
are actually attained on the nose for these individual discriminants.

Proposition 20. Let D ∈ Σ+
n and write F = Q(

√
−3D). If Cl(F )[3] = 0, then there are

exactly 2t cubic fields of discriminant D.

Proof. Let K be a cubic field of discriminant D = −27dn2 ∈ Σ+
n . Since 35 | Disc(fK), fK

has a triple root over F3, and hence its central coefficients are divisible by 3. Let S be
the quadratic ring Odn2 of discriminant dn2, and let (S, I, δ) be the triple corresponding
to fK under the bijection of [6, Thm. 13]. Thus I is an S-ideal such that I3 ⊂ δS and
NmS(I)3 = Nm(δ).

The condition that fK corresponds to a maximal cubic order is equivalent to the condi-
tion that I is also an ideal for the maximal order Od = OF . To see this, note that the latter is
equivalent to the condition that the primitive part of the Hessian h of fK has discriminant d;
see [6, Eq. (24)]. Then note that Disc(h) = dn2 and h is a scalar multiple of n if and only if
fK has a triple root modulo each p | n.

The conditions I3 ⊂ δS and NmS(I)3 = Nm(δ) are equivalent to the single condition
I3 = nJ(δ), for some Od-ideal J of norm n. Indeed, NmS(I)3 = Nm(I)3/n3, so a := I3δ−1

is an Od-ideal of norm n3 contained in S. By the defining conditions of Σ+
n , all primes p | n

split as pp̄ in Od. Since p⊗ Zp 6= S ⊗ Zp 6= p̄⊗ Zp, the ideal a must be divisible by n. Thus
I3(nδ)−1 is an Od-ideal of norm n. Thus each cubic field K of discriminant D gives rise to
an Od-ideal J of norm n, together with a class [I] ∈ Cl(Od) which cubes to [J ].

Conversely, given a pair (J, [I]), where J is an Od-ideal of norm n and [I] is an ideal
class such that [I]3 = [J ], we may write I3 = nJ(δ), for some δ. Since S× = {±1}, this
δ is uniquely determined up to sign. Then the equivalence class of (S, I, δ) corresponds
to a GL2(Z)-orbit of cubic forms, which itself corresponds to a maximal cubic order of
discriminant D = −27dn2. Thus, the bijection of [6, Thm. 13] induces a bijection:

{cubic fields K : Disc(K) = −27dn2}xy
{(J, [I]) : J is an Od-ideal of norm n and [I]3 = [J ]}/ ∼,

where ∼ denotes Gal(Od/Z)-conjugation. When Cl(F )[3] = 0, every ideal class has a unique
cube root, hence the data of [I] is unnecessary. Since each p | n splits in Od, there are
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1
2
·2ω(n) = 2t equivalence classes of ideals J of norm n, and hence 2t cubic fields of discriminant
D = −27dn2. �

Proposition 21. Let D ∈ Σ−n and write F = Q(
√
D). If Cl(F )[3] = 0, then there are

exactly 3 · 2t cubic fields of discriminant D.

Proof. Write D = −27dn2. By class field theory, the number of cubic fields with discriminant
of the form −3dm2, for some m | 3n, is the number of index 3 subgroups in the ring class
group Cl(OD) of discriminant D [9, §5.1]. Since Cl(F )[3] = Cl(O−3D)[3] = 0 and D < 0, the
group Cl(OD)[3] is isomorphic to the 3-torsion subgroup of

(OF/3n)×

(Z/3n)×
' (OF/9)×

(Z/9)×
×

t∏
i=1

(OF/pi)×

(Z/pi)×
.

Note that each pi is inert in F , by definition of Σn, whereas 3 ramifies. The 3-torsion subgroup
of the right hand side is therefore isomorphic to (Z/3Z)2 × (Z/3Z)t, since pi ≡ 2 (mod 3).
Thus, Cl(OD) has 1

2
(3t+2 − 1) index 3 subgroups, and there are that many cubic fields with

discriminant of the form −3dm2 for some m | 3n. By Möbius inversion, the number of cubic
fields of discriminant D = −27dn2 is 3 · 2t, as claimed. �

Remark 22. One can also prove Proposition 21 using [6], but the proof is more involved
since one must grapple with units in Q(

√
−3D). Similarly, one can also prove Proposition 20

using class field theory, but again the proof is more involved since one must now deal with
units in Q(

√
D); see [10, Thm. 2.5]. In fact, the method we use to prove Proposition 20 can

be used to give an alternative expression for the generating series Φd of [10], namely, as a
finite sum of what are essentially Epstein zeta functions.

3.4. Proof of Theorem 1. We prove the stronger statement that a positive proportion of
totally real (resp. complex) cubic fields are not monogenic, despite having no local obstruction
to being so. Fix n as in the previous section and note that both Σ+

n and Σ−n have positive
natural density and are large in the terminology of Section 3.1.

If D ∈ Σ±n and K is a cubic field with Disc(K) = D, then the class αK defined in
Section 3.2 lies in SelφD(ED) by Lemma 18. Since −27D is not a perfect square, we have
ED[φ̂D](Q) = 0 and hence an injection SelφD(ED) ↪→ Sel3(ED). We may therefore view
αK as an element of Sel3(ED) ⊂ H1(Q, ED[3]). The image of αK in X(ED)[3] vanishes if
and only if CK(Q) 6= ∅. In particular, CK(Q) 6= ∅ if K is monogenic, since fK(x, y) = 1
has a solution over Z and thus over Q. Therefore, when K is a monogenic cubic field of
discriminant D, the classes ±αK lie in the subgroup ED(Q)/3ED(Q) of Sel3(ED).

Let U+
n (resp. U−n ) be the subset of integers D ∈ Σ+

n (resp. Σ−n ) such that the 3-torsion
in the class group of Q(

√
−3D) (resp. Q(

√
D)) is trivial. The lower natural density µn,± of

U±n within Σ±n is at least 1/2 by [9, Thm. 4]. By Lemma 15 and Propositions 20 and 21,
there are (2∓ 1)2t+1 distinct non-zero classes ±αK ∈ Sel3(ED) for each D ∈ U±n . Write mD

for the number of monogenic cubic fields of discriminant D. Thus 0 ≤ mD ≤ (2∓ 1)2t+1 for
D ∈ U±n , and 1 + 2mD ≤ 3rkED(Q).

Switching to 2-descent, this implies that

(1 + 2mD)log3 2 ≤ 2rkED(Q) ≤ #Sel2(ED).
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By the above inequality and Theorem 13,

µn,± · avgD∈U±n (1 + 2mD)log3 2 + (1− µn,±) · 1 ≤ avgD∈Σ±n
#Sel2(ED) = 3.

Therefore,
avgD∈U±n (1 + 2mD)log3 2 ≤ 1 + 2µ−1

n,± ≤ 5.

The function f(x) := xlog2 3 is strictly convex on R>0. Thus, given the two constraints
(a) mD ∈ [0, (2 ∓ 1)2t] for all D ∈ U±n , and (b) avgD∈U±n (1 + 2mD)log3 2 ≤ 5, the average
avgD∈U±n (1+2mD) is maximized whenmD takes all its values at the endpoints of [0, (2∓1)2t].
Once t ≥ 3, this occurs when mD attains its maximum value (2 ∓ 1)2t for a density of
4/((1 + (2 ∓ 1)2t+1)log3 2 − 1) = O(2−t log3 2) of D ∈ U±n , and mD = 0 otherwise. It follows
that a (positive) lower density of at least 1− O(2−t log3 2) of cubic fields K with Disc(K) in
U±n are non-monogenic.

Since the relative lower density µn,± of U±n in Σ±n is at least 1/2, we have produced c·X+
o(X) (for an explicit constant c > 0) cubic fields K with Disc(K) ∈ Σ±n and |Disc(K)| < X
that are not monogenic and have no local obstruction to being monogenic. By the asymptotic
count of all cubic fields due to Davenport and Heilbronn [11], this proves Theorem 1 for both
positive and negative discriminants. �

Remark 23. For negative discriminants, we can even take t = 1 in the argument above.
In that case, we have dimF2 Sel2(ED) ≡ dimF3 Sel3(ED) ≡ 1 (mod 2) for all D ∈ Σ−n by
the computation of the parity of the 3-Selmer rank in [7, Prop. 34, 49(b)] and the p-parity
theorem [14]. Thus #Sel2(ED) ≥ 8 when mD ≥ 2 and #Sel2(ED) ≥ 2 always. Reasoning as
in the proof of Theorem 1, it then follows that at least 5

9
of cubic fields with discriminant in

U−n are non-monogenic. If n = 2 · 3, we find that there are at least

6 · 5

9
· µn,− · µ(Σ−n ) ·X ≥ 6 · 5

9
· 1

2
· 1

24
· 1

36
· 27

72
·
∏
p-42

(1− p−2) ·X

such fields, where µ(Σ−n ) denotes the natural density of Σ−n . Dividing by the total number 1
4
·

ζ(3)−1 ·(.7599 . . .)·X of unobstructed complex cubic fields (Theorem 4), we conclude that the
proportion of unobstructed complex cubic fields that are non-monogenic is at least .000463.

For positive discriminants, we may similarly take t = 2 and n = 2 · 3 · 5 by parity
considerations, and find that a proportion of at least .0000139 of unobstructed totally real
cubic fields are not monogenic. Of course, we have not tried to optimize these lower bounds.

3.5. Proofs of Theorems 5 and 6. The proof of Theorem 1 immediately implies Theo-
rem 5: we have produced a positive proportion of (both totally real and complex) cubic fields
K such that the curves CK : z3 = fK(x, y) all have local solutions but not global solutions.

Choosing t large enough in the proof of Theorem 1 also immediately yields Theorem 6.
More generally, if Σ ⊂ Z is a set of integers that are cubefree and satisfy a further finite set of
congruence conditions, then, for a positive proportion of k ∈ Σ, we have dimF3 X(Ek)[3] ≥ r.
Indeed, for any m, the set Tm ∩ Σ has positive density, and dimF3 Selφk(Ek) ≥ m for all
k ∈ Tm, by [7, Thm. 4(ii)]. On the other hand, by Corollary 14, the average rank of Ek is
at most 3/2. Thus, for m ≥ r + 2, it cannot be the case that, for 100% of k ∈ Tm ∩ Σ, the
image of Selφk(Ek) in X(Ek)[3] is less than r-dimensional. �
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